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Abstract
In this note we obtain explicit solutions of a second order nonlinear boundary value problem:
d2 y
dx2
= λ(x)eµy (1)
y(0) = y(1) = 0 (2)
where µ > 0 is a constant and the function λ(x) > 0 is twice continuously differentiable and satisfies certain conditions.
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1. Introduction
In [1] Agarwal and Loi considered the nth order nonlinear equation
x (n)(t) = f (t, x(t), x ′(t), . . . , x (n−1)(t)) (3)
with multipoint boundary conditions, and proved the existence and uniqueness results by Picard’s iterative method
where f is assumed to be continuous. As an application, the authors considered Problem (1) and (2) when λ is a
constant, and obtained explicit solutions in the cases
(i) µλ = 0 (ii) µλ < 0 (iii) µλ > 0,
and discussed other qualitative properties of solutions of the problem, which occurs in diffusion theory. Here, we
study the problem when λ = λ(x) is a function and prove the following result.
Theorem 1.1. The solutions of Problem (1) and (2) where µ > 0 is a constant and the function λ(x) > 0 is twice
continuously differentiable and such that
d2
dx2
(ln λ(x)) = 0 (4)
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and
λ1 + λ0
λ1λ0
= 2µ
(2n + 1)2π2 (λ1 = λ(1), λ0 = λ(0)) (5)
are given by
y = 2
µ
ln
(
(2n + 1)π√λ1 + λ0√
2µλ(x)[√λ1 cos( (2n+1)π2 x) ∓
√
λ0 sin( (2n+1)π2 x)]
)
(6)
where n = 0, 1, 2, . . ..
Also the functions
y = 2
µ
ln
( √
2(
√
λ1 ∓ √λ0)√
µλ(x)(
√
λ1 (1 − x) ± √λ0 x)
)
(7)
solve the problem if
(
√
λ1 ∓ √λ0)2
λ1λ0
= µ
2
. (8)
Proof. We write (1) as
y ′′ = λ(x)eµy = eµy+ln λ(x)
Let µy + ln λ(x) = v, then, in view of (4), we get
v′′ = µev = ev+ln µ.
Now if v + ln µ = w, then
w′′ = ew. (9)
To integrate, we multiply both sides by 2w′. Then using two more substitutions, namely, 2ew + c = s and √s = T ,
we conclude that
y = 1
µ
ln
(
2cDe
√
c x
µλ(x)(1 − De√c x )2
)
,
where c and D are arbitrary constants, is the solution of (1). Now the boundary condition y(0) = y(1) yields two
values of D,
D =
√
λ1e
−
√
c
2 − √λ0
√
λ1 − √λ0e−
√
c
2
e−
√
c
2 and D =
√
λ1e
−
√
c
2 + √λ0
√
λ1 + √λ0e−
√
c
2
e−
√
c
2 .
If we choose c such that
e
√
c = −1 = e(2n+1)π i ,
then e−
√
c = −1, e−
√
c
2 = i and c = −(2n + 1)2π2. With these choices, the values of D become
(i) D =
√
λ1 i−√λ0√
λ1−√λ0 i i and
(ii) D =
√
λ1 i+√λ0√
λ1+√λ0 i i .
In case (i)
y = 1
µ
ln
(
−2 c e√c x (λ1 + λ0)
µλ(x)[√λ1(1 + e
√
c x) − i√λ0(1 − e
√
c x)]2
)
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or, equivalently,
y = 2
µ
ln
(
(2n + 1)π√λ1 + λ0√
2µλ(x) [√λ1 cos( (2n+1)π2 x) −
√
λ0 sin( (2n+1)π2 x)]
)
.
In the same way, using the second value of D, we get
y = 2
µ
ln
(
(2n + 1)π√λ1 + λ0√
2µλ(x) [√λ1 cos( (2n+1)π2 x) +
√
λ0 sin( (2n+1)π2 x)]
)
.
Further, since y(0) = 0 and y(1) = 0, we have in both cases,
λ1 + λ0
λ1 λ0
= µ
(2n + 1)2π2 .
In the case c = 0, we use (9) and conclude that
y = 1
µ
ln
(
4
µλ(x)(d − √2 x)2
)
,
where d is an arbitrary constant. The condition y(0) = y(1) yields
d =
√
2λ1√
λ1 ∓ √λ0
and consequently
y = 2
µ
ln
( √
2(
√
λ1 ∓ √λ0)√
µλ(x)(
√
λ1 (1 − x) ± √λ0 x)
)
.
Since y(0) = 0 and y(1) = 0, we get in both of these cases
(
√
λ1 ∓ √λ0)2
λ1λ0
= µ
2
.
This completes the proof of the theorem. 
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